We study the relations among the groups Aut(Γ) of all automorphisms, V aut(Γ) of all virtual automorphisms, and QI(Γ) of all quasiisometries (with respect to some finite generating set) of a finitely generated group Γ. We show that the natural homomorphism θ : Aut(Γ)−→QI(Γ) is a monomorphism for any (finitely generated) torsion free group, and any group which splits non-trivially over a torsion free group. When Γ is a non-elementary hyperbolic group we show that there is a finite characteristic subgroup K ⊂ Γ such that the natural homomorphism Aut(Γ/K)−→QI(Γ/K) ∼ = QI(Γ) is a monomorphism.
Introduction
Let f : X−→X ′ be a map (which is not assumed to be continuous) between metric spaces. We say that f is a (λ, ǫ)-quasi-isometric embedding if λ −1 d(x, y) − ǫ ≤ d ′ (f (x), f (y)) ≤ λd(x, y) + ǫ for all x, y ∈ X. Here λ ≥ 1, ǫ ≥ 0; d, d
′ denote the metrics on X, X ′ respectively. If, further, there exists a constant C ≥ 0 such that every x ′ ∈ X ′ is within distance C from the image of f , we say that f is a (λ, ǫ)-quasi-isometry. If f is a (λ, ǫ)− quasi-isometry then there exists a quasi-isometry f ′ : X ′ −→X (possibly for a different set of constants λ ′ , ǫ ′ , C ′ ) such that f ′ • f (resp. f • f ′ ) is quasi-isometry equivalent to the identity map of X (resp. X ′ ). (Two maps f, g : X−→X ′ are said to quasi isometrically equivalent if there exists a constant K such that d ′ (f (x), f (y)) ≤ K for all x, y ∈ X.) Let [f ] denote the equivalence class of a quasi-isometry f : X−→X. The set QI(X) of all equivalence classes of quasi-isometries of X is a group under composition: [f ] .
[g] = [f • g] for [f ], [g] ∈ QI(X). If X
′ is a quasi-isometry equivalent to X ′ , then QI(X ′ ) is isomorphic to QI(X).
Let Γ be group generated by a finite set A. One has the word metric d A (or just d) where d(γ, γ ′ ) is the length (with respect to A) of γ −1 γ ′ for γ, γ ′ ∈ Γ. Note that d A is left invariant. If B is another finite generating set then the metric spaces (Γ, d A ) and (Γ, d B ) are quasi-isometric to each other. The group QI(Γ), which does not depend on the choice of the finite generating set, is an invariant of the quasi-isomorphism type of Γ and is an important object of study in geometric group theory initiated by M.Gromov [2] . We refer the reader to [1] for basic facts concerning quasi-isometry.
are finite index subgroups of Γ. We write
The set of all virtual automorphisms of Γ form a group V aut(Γ) where
For example, it can be seen that V aut(Z n ) = GL(n, Q). If Γ has no finite index subgroups, then V aut(Γ) = Aut(Γ). If Γ and Γ ′ are commensurable, then V aut(Γ) and V aut(Γ ′ ) are isomorphic. For a finitely generated group Γ, it is easy to show that V aut(Γ) is countable. In general, these groups are expected to be 'large'. However F.Menegazzo and J.Tomkinson [6] have constructed a group having uncountably many ele-ments whose virtual automorphism group is trivial. No finitely generated group with trivial virtual automorphism group seems to be known.
Since Γ ′ ֒→ Γ is a quasi-isometry for any finite index subgroup Γ ′ of Γ, any [f ] ∈ V aut(Γ), yields an element [f ] ∈ QI(Γ). This leads to a homomorphism of groups η : V aut(Γ)−→QI(Γ) which is easily seen to be a monomorphism. See lemma 2.1 below. Also one has natural homomorphisms of groups σ : Aut(Γ)−→V aut(Γ) and θ : Aut(Γ)−→QI(Γ) which factors through σ. It is easy to find finitely generated infinite groups for which σ is not a monomorphism. (For example let Γ = Γ ′ × Γ" where 3 ≤ |Γ ′ | < ∞ and Γ" any finitely generated infinite group.) F.Menegazzo and D.J.S.Robinson [5] have characterized finitely generated (infinite) groups for which σ is the trivial homomorphism. We shall obtain some very general criteria for θ : Aut(Γ)−→QI(Γ) to be a monomorphism and apply it to different classes of groups. Our main results are: Theorem 1.1. Let Γ be a finitely generated torsion free group. Then θ :
In fact we prove in §3 a result which is stronger than theorem 1.1 (see theorem 3.1.) The notion of virtual centre of a group, which is studied in §2, plays a crucial role in our paper. We show in §4 that when Γ is a non-trivial amalgamated free products or a non-trivial HNN extension, most often θ is a monomorphism. See theorem 4.1 for precise statement. In §5 we prove theorem 1.2.
The Virtual Centre
We assume that Γ is a finitely generated group with the word metric relative to a fixed finite generating set.
is trivial if and only if the set
′ is of finite index in Γ, the last statement is equivalent to ϕ being a quasi-isometrically equivalent to the identity map of Γ.
(ii) Suppose that [ϕ] = 1 in QI(Γ). By part (i), the set S is finite. We claim 
Proposition 2.4. The virtual centre is a characteristic subgroup of Γ.
Also it is obvious that C(γ
Let ϕ : Γ−→Γ be any automorphism. For any γ ∈ K, and any
. It follows that C(ϕ(γ)γ −1 ) has finite index in Γ and so ϕ(γ)γ −1 ∈ K(Γ).The second assertion of the lemma now follows immediately from corollary 2.2.
2 Corollary 2.6. Suppose Γ has trivial centre. Then θ :
By the above lemma F ix(ι γ ) = C(γ) has finite index in Γ where ι γ ∈ denotes conjugation by γ. This implies that (ι γ ) ∈ Ker(θ). If θ restricted to Inn(Γ) is a monomorphism, then γ must be in the centre of Γ. Since Γ has trivial centre, we must have γ = 1 and so ϕ = 1 ∈ Aut(Γ).
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Proof: In view of lemma 2.5, it suffices to show that K(Γ) = 1. Let if possible, γ ∈ K(Γ), γ = 1 so that H := C(γ) is a proper subgroup having finite index in Γ. By Kuroš' subgroup theorem, H is a free product of a free group and conjugates of subgroups A and B. Since centre of H is not trivial, we must have H ∼ = Z or H is contained in a conjugate of A or B. Since H is finite index in Γ, our hypotheses that |A| > 2, |B| > 1 implies that H cannot be infinite cyclic. Now, replacing γ by a suitable conjugate, we may assume that H ⊂ A or H ⊂ B. Let a ∈ A, b ∈ B be nontrivial elements. Then ab has infinite order and no power of ab is in either A or B. This implies that H cannot be of finite index in Γ, which is a contradiction. Thus we must have K(Γ) = 1.
We shall now consider the case of infinite dihedral group which was left out of the above example.
. It is not difficult to show that the kernel of θ : Aut(Γ)−→QI(Γ) equals {ϕ k |k ∈ Z} = ϕ 1 . The group Aut(Γ)/Ker(θ) is isomorphic to Z/2Z generated by the inner automorphism ι a . Notice that the virtual centre of Γ is the infinite cyclic group generated by t.
Groups generated by non-torsion elements
We now turn to the proof of theorem 1.1. In fact we prove the following stronger result: 
Since S is finite and K(Γ) is torsion free we must have Im (ψ ′ ) = {1}. Assume, if possible, that ϕ = 1, say, ψ(γ) = γ 1 = 1. We claim that γ has finite order. For, otherwise, for a suitably large exponent k, γ k ∈ C(γ j ) for all j ≤ n (as C(γ j ) has finite index in Γ). It follows that
is torsion free). This contradicts the fact that Im (ψ ′ ) = {1}. Therefore F ix(ϕ) contains every element of infinite order. In particular, if Γ is generated by elements of infinite order we conclude that ϕ = 1.
2 Example 2.8 clearly shows that the theorem is not true if one merely assumes K(Γ) is torsion free. Remark 3.2. (i) Suppose Γ is generated by elements γ i , 1 ≤ i ≤ n, and that for each γ j which is of finite order there exists an element γ ′ j ∈ Γ such that both γ j γ ′ j and γ ′ j are infinite order then, replacing the γ j by the elements γ ′ j , γ j γ ′ j we obtain a new set of generators each member of which is of infinite order. The above theorem can then be applied so long as K(Γ) is torsion free.
is finite and Γ is residually finite, one has a subgroup Γ ′ ⊂ Γ having finite index such that
We end this section with the following examples.
Example 3.3. Let Γ = X | r be a 1-relator group. Suppose |X| ≥ 2. If Γ is torsion free then by theorem 1.1 θ : Aut(Γ)−→QI(Γ) is a monomorphism. If Γ has torsion (which happens precisely when r = s n for some n > 1 due a result of A.Karras, W.Magnus and D.Solitar [3] ) then Γ centralizer of every non-trivial element is cyclic by a result of B.Newman [N] . We claim that K = {1}. For otherwise there would exists a γ ∈ Γ such that C(γ), which is cyclic would have finite index in Γ. This forces Γ to be virtually cyclic. This is impossible. Indeed, if Γ has torsion, and virtually cyclic, then it cannot contain a non-abelian free group. Hence by prop. 5.27, ch. II, [4] , Γ has to be either cyclic or infinite dihedral. Since |X| > 1 and since Γ has torsion it can only be infinite dihedral. This is a contradiction since the infinite dihedral group is not a one-relator group. Thus K(Γ) = {1}. Hence by lemma 2.5, θ : Aut(Γ)−→QI(Γ) is a monomorphism.
Example 3.4. Let Γ be any finitely generated subgroup of the general linear group GL(n, F ) where F is any field of characteristic 0. Then it is known that Γ has a torsion free subgroup Γ 1 of finite index. (Cf. §5, Ch.2, [8] .) By passing to a smaller subgroup, one may assume that Γ 1 is characteristic, so that one has the restriction homomorphism ρ : Aut(Γ)−→Aut(Γ 1 ). The homomorphism θ : Aut(Γ)−→QI(Γ) ∼ = QI(Γ 1 ) factors as θ 1 • ρ, where θ 1 : Aut(Γ 1 )−→QI(Γ 1 ) is the canonical homomorphism, which is a monomorphism. However, θ itself is not in general a monomorphism; indeed the infinite dihedral group admits a faithful 2-dimensional representation but θ is not a monomorphism in that case (see example 2.8.)
Amalgamated free products and HNN extensions
In this section we apply the main theorem to the case of amalgamated free products and HNN extensions.
Let Γ be a finitely generated group. Let Γ = Γ 1 * Γ 0 Γ 2 (resp. Γ = Γ 1 * Γ 0 .) We regard Γ 0 as a subgroup of Γ i . In the case of HNN extension, Γ 0 and α(Γ 0 ) are the associated subgroups of Γ 1 , where α : Γ 0 −→α(Γ 0 ) is an isomorphism. We denote the stable letter by t so that t −1 γt = α(γ) for γ ∈ Γ 0 .
We now state the main result of this section: 
One has to determine the centre of a finite index subgroup of Γ. As a first step we describe the centre of Γ itself. 
We omit the easy proof. Recall that any finite index subgroup of Γ is the fundamental group of a graph of groups, where vertex groups are subgroups of conjugates of Γ 1 and Γ 2 and the edge groups are subgroups of conjugates of Γ 0 , the monomorphisms are natural inclusions. Note that the underlying graph is finite. In particular, it is obtained by iterated HNN extensions and amalgamated free products. See Theorem 3.14, [7] . The following corollary follows from lemma 4.2. Proof of theorem 4.1: By the above corollary, our hypotheses imply that K(Γ) is torsion free. In view of theorem 3.1 and remark 3.2, to complete the proof, we need only verify that if γ = 1 is any torsion element of Γ there exists a γ 0 ∈ Γ such that both γγ 0 and γ 0 have infinite orders. Note that any torsion element is conjugate to an element in Γ 1 or Γ 2 . Using Britton's lemma it can be seen easily that there always exists such a γ 0 . We omit the details. 2 We remark that when Γ is a non-trivial free product (resp. HNN extension) the hypotheses of theorem 4.1 are satisfied when the amalgamating group (resp. associated group) is torsion free.
